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This is a review of my recent work. 

What kinds of combinations of singularities can appear in small deformation 
fibers of a fixed singularity? We consider this problem for hypersurface singularities 
on complex analytic spaces of dimension 2. 

Recall first that a connected Dynkin graph of type A, D or E corresponds to a 
surface singularity called a rational double point. (Durfee [3].) 

When the fixed singularity is a rational double point corresponding to a Dynkin 
graph r , the answer to our problem is well-known. 

(1) Any small deformation fiber has only rational double points as singularities. 

(2) A combination of rational double points corresponding to a Dynkin graph 
r appears on a small deformation fiber if and only if T is a subgraph of Tq. 
(The type of each component of T corresponds to the type of the singularity 
on a small deformation fiber Y and the number of components of each type 
corresponds to the number of singularities of each type on Y .) 

This follows from the description of the semi-universal deformation family of a ra- 
tional double point due to Grothendieck and Brieskorn. In this case the deformation 
family can be identified with a subspace of the corresponding simple Lie algebra, 
and the monodromy covering of the parameter space of the family can be identified 
with the Cartan subalgebra of the corresponding type. (Slodowy [6].) Thus the 
above fact follows. 

We would like to consider more complicated singularity in the higher hierar- 
chies in Arnold's classification list. (Arnold [1]. There we can find the defining 
polynomials of singularities considered below.) 

Let S be a class of surface singularities. By PC(S) we denote the set of Dynkin 
graphs r with several components such that there exists a small deformation fiber 
Y of a singularity belonging to 5 satisfying the following conditions: 

(1) Y has only rational double points as singularities. 

(2) The combination of rational double points on Y corresponds exactly to T. 

When S is one of three kinds P% : Xg, Jio of simple elliptic singularities, the 
answer to the above problem is the following: If a small deformation fiber has a 
singularity which is not a rational double point, then the singularity is unique and 
it is a simple elliptic singularity of the same type H. Besides, T belongs to PC(E) 
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if and only if T can be made by elementary transformations repeated twice from 
the corresponding basic graph IV The basic graph Tq is the Dynkin graph of type 
Eq if S = P s , of type E-j if S = Xg, or of type Eg if S = Jio- (Looijenga [5], Urabe 
[7]-) 

An elementary transformation is an operation by which we can make a new 
Dynkin graph from a given Dynkin graph. We give the definition below. 

Definition. (An elementary transformation) The following procedure is called 
an elementary transformation of a Dynkin graph. 

(1) Replace each connected component by the corresponding extended Dynkin 
graph. 

(2) Choose in arbitrary manner at least one vertex from each component (of 
the extended Dynkin graph) and then remove these vertices together with 
edges issuing from them. 



We can find the definition of the extended Dynkin graph in any book on Lie 
algebras. (Bourbaki [2].) They can be made by adding one vertex and one or two 
edges to each connected component of the Dynkin graph. The position of the added 
vertex and edges depends on the type of the component. 

Example. We start from £7. Removing a vertex of the extended Dynkin graph 
of type E7 as in the following figure, we can make the graph Dq + A\\ 



Applying another elementary transformation to Dq + A\, we can make the graph 
D 4 + 3Ai. 



Since E-j is the basic graph for S = Xg, we have D4 + 3 Ax e PC(X 9 ) 

In the case where S is the class of cusp singularities x p + y q + z r + Xxyz = of 
type (p, q, r), (The indices p, q and r are positive integers with 1/p+l/q+l/r < 1. 
We may assume p < q < r. The parameter A is a non-zero constant.) Loijenga 
gave the answer. We call the graph below the Gabriclov graph of type (p, q, r). 
The numbers of vertices in the three arms are p, q and r respectively including 
the common central one. A subgraph is called a Dynkin subgraph, if all of its 
components are Dynkin graphs of type A, D or E. 
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According to Loijenga, T £ PC(s) if and only if T can be made by one elementary 
transformation from a Dynkin subgraph of the Gabrielov graph of type (j>, q, r). 
(Looijenga [5].) 

Recently we have succeeded in extending the similar descriptions to fourteen 
triangle singularities and six quadrilateral singularities. 

The following fourteen singularities are called triangle singularities or exceptional 
singularities. (Arnold [1].) 



E\2, 


Z\\, 


Q io, 


Wvt, 


S ii, 






Z\2, 


Qui 


w 13 , 


S 12, 




Eu, 


Zl3, 


Q 12, 









For each S of the above fourteen classes the corresponding Gabrielov graph 
is defined. The type (p, q, r) of the corresponding Gabrielov graph is as in the 
following list (Gabrielov [4]): 

(2, 3, 7), (2, 4, 5), (3, 3, 4), 

(2, 5, 5), (3, 4, 4), 
(2, 3, 8), (2, 4, 6), (3, 3, 5), (4, 4, 4) 

(2, 5, 6), (3, 4, 5), 

(2, 3, 9), (2, 4, 7), (3, 3, 6), 



Theorem 1. (Urabe [10].) Let S be one of the above fourteen classes of triangle 
singularities. The following two conditions are equivalent. 

(A) rePC(s). 

(B) Either (B-l) or (B-2) holds. 

(B-l) T can be made by an elementary transformation or a tie transforma- 
tion from a Dynkin subgraph of the corresponding Gabrielov graph 
to S. 
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(B-2) T is one of the following exceptions: 
For E = Z 13 , A 7 + A 4 . 
For H = S u , 2A 4 + A 1 . 

For E = U 12 , 2D 4 + A 2 ,A 6 + A 4 ,A b + A 4 + A lt 2Ai + M- 
For the other eleven classes, no exceptions. 

A tie transformation in (B-l) is another operation by which we can make a new 
Dynkin graph from a given Dynkin graph. 

Definition. (A tie transformation) Assume that applying the following proce- 
dure to a Dynkin graph T, we have obtained the Dynkin graph T. Then we call the 
following procedure a tie transformation of a Dynkin graph. 

(1) Add one vertex and a few edges to each component of T and make it into 
the extended Dynkin graph of the corresponding type. Moreover attach the 
corresponding coefficient of the maximal root to each vertex. 

(2) Choose in an arbitrary manner subsets A, B of the set of the vertices of the 
extended graph T satisfying the following conditions: 

(a) An B = $. 

(b) Let V be the set of vertices of an arbitrarily chosen component T' of 
r. Let £ be the number of elements inV C\A and ni, n 2 , ng be 
the numbers attached to V n A. Furthermore let N be the sum of 
numbers attached toVDB. (If V H B = 0, then N = .) Then the 
greatest common divisor of the £+1 numbers A, m, n 2 , ne is 
1. 

(3) Erase all attached integers and remove vertices belonging to A together with 
edges issuing from them. 

(4) Draw another new vertex O corresponding to a root a with a 2 = 2. Connect 
this new vertex O an d each vertex in B by an edge. 

Remark. Often the resulting graph T after the above procedure (1) - (4) is not 
a Dynkin graph. We consider only the cases where the resulting graph T is a 
Dynkin graph and then we call the above procedure a tie transformation. Under 
this restriction the number #(-B) of elements in the set B satisfies < #(B) < 3. 
£ = #(VnA) > 1. 

Any book on Lie algebras contains the definition of integers in (1) called the 
coefficients of the maximal root. (Bourbaki [2].) 

Example. We consider the case H = Wis. The Gabrielov graph in this case is the 
following and it has a Dynkin subgraph of type Eg + A 2 : 



First we apply a tie transformation to E 8 + A 2 . In the second step of the 
transformation we can choose subsets A and B as follows: 
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For the component of type Eg, t = 1, n\ = 4, N = 1, and thus G.C.D.(ni, N) = 
1. For the component A 2 , I = 1, ni = 1, AT — l,and thus G.C.D.{n\, N) = 1. One 
sees that the condition (6) is satisfied. Adding a new vertex in the fourth step, 
one gets a graph of type A@ + D$ as the result of the transformation. By Theorem 
1 one can conclude A e + D 5 e PC(Wiz). 

Second we apply an elementary transformation to E$ + A2 . 



As in the above figure we can make E e + 2A 2 . Thus E e + 2A 2 E PC(Wi3). 

Now, it is very strange that Theorem 1 has a few exceptions in a few cases. 
Perhaps this is because our theory has a missing part. 

Problem. Find the missing part of our theory and give a simple characterization 
of the set PC(S) without exceptions. 

This problem may be very difficult, but I believe that there exists a solution. 
Now, for the following nine singularities of the above fourteen ones we can state 
another theorem: 



E12, 




Q 10 


E13, 


Z12, 


Qn 


E14, 


Z 13, 


Q12 
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Theorem 2. (Urabe [9].) Let 5 be one of the above nine classes of singularities. 
The following two conditions are equivalent. 

(A) r g pc(s). 

(B) The Dynkin graph T has only components of type A, D or E, and can be 
made from the essential basic graph depending on EE by a combination of 
two of elementary transformations and tie transformations. 

The respective essential basic graph 
corresponding to the above nine singularities 

Eg, E?, E 6 

Eg + BCi, Ej + BCi, Eq + BCi 

E 8 +G2, E7 + G2, Eq + G2 

In the condition (B) four kinds of combinations - "elementary" twice, "tie" twice, 
"elementary" after "tie" , and "tie" after "elementary" - are all permitted. Even 
when 5 = Z13 no exception appears in Theorem 2. Note that Dynkin graphs of 
type BC\ or G 2 appear and the number of repetitions of transformations is not one 
but two. 

Here we give some explanation on Dynkin graphs and root systems of type BC . A 
root system R is a finite subset of a Euclidean space satisfying axioms on symmetry. 
Usually we assume moreover the following axiom (*) of the reduced condition: 

If a e R, then 2a <£ R (*) 
Under these axioms we obtain irreducible root systems of type A, B, C, D, E, F 
and G as in any book on Lie algebras. However, under the absence of the axiom (*) 
we have further a series of irreducible root systems, which are called of type BCk 
(k = 1, 2, 3, ...). (Bourbaki [2].) It is easy to generalize the concept of Dynkin 
graphs to root systems of type BC. (Urabe [8].) The Dynkin graph of type BC\ is 
the following: 

We explain the meaning of this BC\ graph. Recall first the meaning of Dynkin 
graphs. Let R be an irreducible root system and A C R be the root basis. We 
can assume that the longest root a € R satisfies a 2 — 2 after normalizing the inner 
product of the ambient Euclidean space. The Dynkin graph L of R is the graph 
drawn by the following rules: (1) The vertices of T have one-to-one correspondence 
with the set A (the root basis). (2) Two vertices in L corresponding to two elements 
a, (3 € A are connected by an edge in T if and only if the inner product (a, (3) ^ 0. 

If R is of type A, D or E, then R consists of only roots a with a 2 = 2, and every 
a e A satisfies a 2 = 2. Therefore in these cases every vertex in the Dynkin graph 
can be denoted by a small white circle O- 

If R is of type BC\, then A consists of a unique root 8 with S 2 = 1/2 and 
R = { —28, —8, <5, 28}. The vertex in the Dynkin graph corresponding to a root 
8 with S 2 = 1/2 is denoted by 0. The BC\ graph is the graph consisting of a 
unique vertex of this kind. In this case the maximal root n is equal to 28, and 
thus the extended Dynkin graph, i.e., the graph corresponding to A+ = A U {— n} 
is the following: (The edge is bold. The numbers are the 

coefficients of the maximal root.) 

If R is of type G2 , then A consists of two elements a with a 2 — 2 and 7 with 
7 2 = 2/3. We denote the vertex corresponding to a root 7 with ■y 2 = 2/3 by 
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Our Dynkin graph of type G2 is the following; and our extended 

Dynkin graph of type G2 is the following (The numbers are the coefficients of the 
maximal root.): 



Note that as a result of an elementary or a tie transformation, a graph consisting 
of a unique vertex corresponding to 7 with 7 2 = 2/3 can appear. We call the graph 
the Dynkin graph of type G\. This corresponds to the root system R = 
{ ~ 7 1 7 } w ith 7 2 = 2/3. The extended Dynkin graph of type G\ is the following: 

. (The edge is bold. The numbers are the coefficients of the 

maximal root.) 

We can explain why we do not use the standard expression of 

the G2 graph. (Bourbaki [2].) If we use the standard expression, we cannot define 
the concept of the G\ graph. 

Note that since we have assumed that the Dynkin graph T in Theorem 2 has 
only components of type A, D or E, any Dynkin graph with a component of type 
G2, G\ or BC\ made by two transformations has no meaning, and is to be thrown 
out. 

In the next hierarchy of Arnold's list six kinds of quadrilateral singularities J3.0, 
Z\,o, Q2.0, Wi,0) "51,01 U1.0 appear. Also for them we can show similar theorems 
to Theorem 2. This is the theme of Urabe [8]. Though the theorems for them are 
also quite simple, we have to introduce several additional concepts such as Dynkin 
graphs of type B or F, obstruction components and so forth. Since they have been 
treated in Urabe [8], we omit the further explanation for them here. 
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